We study a hilltop inflation model where an axion-like particle (ALP) plays the role of the inflaton. We find that, for a broad class of potentials, the decay constant and the mass at the potential minimum satisfy the relation, m φ ∼ 10 −6 f , to explain the CMB normalization. The ALP is necessarily coupled to the standard model particles for successful reheating. The ALP with the above relation can be searched at beam dump experiments, e.g., the SHiP experiment, if the inflation scale is sufficiently low. In this case, the ALP decays through the interactions that led to the reheating of the Universe. In other words, the Big Bang may be probed at ground-based experiments. *
Introduction
There is accumulating evidence for inflation in the early Universe [1] [2] [3] [4] [5] . Not only does the inflation solve various initial condition problems of the standard big bang cosmology but also explains the origin of density perturbations. The observed CMB temperature anisotropy retains coherence that extends beyond the horizon at the recombination, which strongly indicates that our Universe experienced an accelerated expansion in the past.
In the slow-roll inflationary paradigm, the flatness of the potential is essential for both driving the inflationary expansion and generating density perturbations. In particular, if the inflation scale is lower than the GUT scale, the inflaton potential must be extremely flat, which may call for some explanation. Such flat potential can be ensured by shift symmetry, in which case one can identify the inflaton with an axion or an axion-like particle (ALP).
Let us suppose that the inflaton, φ, respects discrete shift symmetry,
where f is the decay constant. Then, the inflaton potential is periodic with periodicity 2πf :
Such periodic potential can be expanded in Fourier series as a sum of cosine functions. If one of the cosine terms dominates the potential, the inflation model is reduced to the so-called natural inflation [6, 7] . However, this simple possibility is on the verge of exclusion according to the latest CMB data [8] . Moreover, the model requires a super-Planckian decay constant, which may not be justified in a context of quantum gravity. Therefore, some extension of the natural inflation is necessary. Let us consider the so-called multi-natural inflation [9] [10] [11] [12] , where multiple cosine terms conspire to make the potential flat enough for the slow-roll inflation to take place. In particular, we will focus on the minimal case in which the potential consists of the two cosine terms,
where n (> 1) is an integer, κ and θ parameterize the relative height and phase of the two terms, respectively, and the last constant term is introduced to make the cosmological constant vanishingly small in the present vacuum. 1 In the limit of θ = 0 and κ = 1, the above potential is reduced to the hilltop quartic inflation model. The observed scalar spectral index is correctly reproduced by slightly varying both parameters around their canonical values [9, [13] [14] [15] . The flat top potential with multiple cosine terms like (3) has several possible UV completions e.g. in supergravity [10] [11] [12] and extra dimensions [16] . A similar potential with an elliptic function is also obtained in the low-energy limit of some string-inspired set-up [17, 18] . The inflation model with the potential (3) can be broadly classified into two categories depending on the parity of n. While the inflaton dynamics during inflation is not so sensitive to the value of n, the evolution of the Universe after inflation crucially depends on its parity. If n is an odd integer, the inflaton potential (3) has an upside-down symmetry, and the inflaton potential is approximated well by the quartic potential soon after inflation. As a result, the inflaton mass at the potential minimum is much smaller than the typical curvature scale of ∼ Λ 2 /f , and is actually of order the Hubble parameter during inflation. Such a light inflaton raises an interesting possibility that a single ALP explains both inflaton and dark matter simultaneously, which is dubbed the ALP miracle [14, 15] . Daido and the present authors studied the detailed reheating process and found a viable parameter space which is within the sensitivity reach of the IAXO experiment [19, 20] , TASTE [21] , and laser-based photon colliders [22] [23] [24] . On the other hand, if n is an even integer (or a common fractional, cf. the footnote 1), the inflaton is massive at the potential minimum and its mass is of order Λ 2 /f . This case was studied in e.g. Refs. [9] [10] [11] [12] with a main focus on the parameter region where inflation scale is so high that observable primordial tensor modes are generated. In this paper, we focus on its low-scale limit and explore a possibility that the inflaton or ALP may be probed by ground-based experiments. As we shall see later, the results obtained for even n hold for a broader class of multi-natural inflation with more than two cosine terms.
In this paper we study the ALP inflation with a hilltop potential where the potential consists of multiple cosine terms. First we derive a relation between the ALP mass and decay constant, m φ ∼ 10 −6 f , from the CMB normalization condition. This relation is rather robust and it holds for a broad class of the multi-natural inflation. Indeed, essentially the same relation was found by Czerny, Higaki and one of the present authors (FT) in Ref. [10] , but its experimental implication was not discussed as they mainly studied high-scale inflation. Next we explore a possibility that the ALP is within the reach of ground-based experiments such as the SHiP experiment [25] [26] [27] . To this end, we study the reheating process of the inflaton for different choices of the couplings to the standard model (SM) particles, and discuss if the relation between the ALP mass and decay constant can be experimentally confirmed. Lastly we will study an inflection point inflation and show that it does not lead to successful reheating for the inflaton parameters within the experimental reach. We will also see that the inflection point inflation cannot start from the eternal inflation in contrast to the hilltop inflation. We also discuss a possible UV completion in which the decay constant is related to the soft supersymmetry (SUSY) breaking.
The rest of this paper is organized as follows. In Sec. 2 we revisit the multi-natural inflation with two cosine terms and derive relations between the ALP mass and decay constant. In Sec. 3 we discuss the inflaton hunt and the reheating process for two different choices of the ALP couplings to the SM particles. In Sec. 4 we study the inflection point inflation and its implications. We briefly discuss whether eternal inflation can be embedded in the framework in Sec. 5. The last section is devoted to discussion and conclusions.
Axion hilltop inflation
Now let us study the inflation with the potential (3). As mentioned before, the inflaion is reduced to the hilltop quartic inflation model for θ 0 and κ 1. See the left panel of Fig. 1 for the shape of the hilltop potential. In this section we focus on this case and show that the Λ and f satisfy a certain relation due to the CMB normalization condition. Although it is possible to realize an inflection point inflation with θ = O(1), the inflation parameters for this case turn out to be well beyond the experimental reach, as we shall see later in this paper.
We suppose that the inflaton initially stays in the vicinity of the potential maximum, which is located near the origin for θ 0. Around the origin the potential can be expanded as
where V 0 is a constant defined below, and we have included only terms up to the first order in θ and κ − 1, assuming they are much smaller than unity. In fact, the cubic term has a negligible effect on the inflaton dynamics during the hilltop inflation. Then, the potential can be well approximated by
where we have defined
Here β n is a constant of order unity and defined in such a way that the potential vanishes at the minimum, φ min πf . Obviously, the potential (5) is reduced to that of the hilltop quartic inflation in the limit of θ → 0 and κ → 1. In the following analytic estimate we drop κ − 1 and θ for simplicity but they are taken into consideration in the numerical calculations.
Let us solve the inflaton dynamics during inflation. The inflation takes place when the inflaton sits near the origin where the potential is extremely flat. We assumeφ > 0 during inflation without loss of generality. The flatness of the potential is usually parameterized by the following slow-roll parameters, . The slow-roll inflation is possible around the black dots. We take (n, θ, κ) = (2, 0, 1) and (2, π/4, 2) for the left and right panels, respectively.
where the prime denotes the derivative with respect to φ. The slow-roll inflation takes place when ε 1 and |η| 1, and ends when one of the slow-roll parameters becomes of order unity. Except for high-scale inflation, it is usually η(φ) that determines the end of inflation.
The e-folding number between the horizon exit of the CMB pivot scale and the end of inflation is given by
where H is the Hubble parameter, the overdot represents the derivative with respect to time, and we have used the slow-roll equation of motion, 3Hφ + V 0, in the second equality. Here the subscript " * " represents the quantity evaluated at the horizon exit of the CMB scales. Solving |η| = 1, we obtain the inflaton field value at the end of inflation,
Here M pl 2.4 × 10 18 GeV is the reduced Planck mass. The e-folding number is evaluated as
where we have used φ * φ end . The e-folding number is fixed once the inflation scale and the thermal history after inflation are given. As we will see in the next section the reheating takes place almost instantaneously after inflation for f O(10 8 ) GeV, and in particular, this is the case for the inflaton within the reach of ground-based experiments. By assuming the instantaneous reheating, the e-folding number is given by
where we have set the CMB pivot scale equal to k * = 0.05 Mpc −1 . Note that the e-folding number is about 30 for TeV-scale inflation, and it is much smaller than the conventionally adopted value, N * = 50 or 60. The inflaton acquires quantum fluctuations which perturb the evolution of the Universe depending on the position in space, inducing curvature perturbation. The predicted power spectrum of the curvature perturbation is given by
while the observed the CMB normalization is
at k * = 0.05 Mpc −1 [8] . Using Eqs. (8) and (13), we obtain
Thus, the ratio of the potential height and periodicity is fixed by the CMB normalization. Interestingly, the CMB normalization alone fixes the relation between the inflaton mass and the decay constant if n is an even integer. In this case, the inflaton mass at the potential minimum φ = φ min is of order the typical curvature scale, and given by
when θ 0 and κ 1. By using the relation (17) we obtain [10] m φ 2.1 × 10 −6 3
Thus the inflaton mass scales in proportion to f . This relation is a rather robust prediction of the axion hilltop inflation. As is clear from the above derivation, even if there are multiple cosine terms that conspire to make the potential very flat around the maximum, a similar relation, m φ ∼ 10 −6 f , holds unless there are unnecessary cancellations among the parameters. This prediction can be tested by experiments if the inflation scale is sufficiently low.
If n is an odd integer, on the other hand, the inflaton is massless in the limit of θ = 0 and κ = 1, and therefore, one needs to know the values of θ and κ precisely to evaluate the inflaton mass. Their typical values can be inferred from the observed scalar spectral index [8] n CMB
where we have adopted the result of Planck TT,TE,EE+lowE. The scalar spectral index n s is given in terms of the slow-roll parameters as
In the low-scale inflation, ε(φ * ) is much smaller than |η(φ * )|, and so, the spectral index is simplified to n s 1 + 2η(φ * ). For θ = 0 and κ = 1, we obtain
which is too small to explain the observed value for N * ∼ 30. In fact, it is known that n s is rather sensitive to possible small corrections to the inflaton potential, and one can easily increase the predicted value of n s to give a better fit to the CMB data by introducing small but non-zero θ [9, [13] [14] [15] . This is because a small CP phase θ contributes to the linear term of Eq. (5), which slightly changes the field value φ * at the horizon exit in Eq. (11) for given N * . Specifically, a small and positive θ reduces φ * and |η(φ * )|, which increases the prediction of the spectral index. (Note that we assumeφ > 0 during inflation.) Introducing a nonzero κ−1 has a similar but slightly weaker effect [13] . In any case, one can realize η(φ * ) ∼ −0.015 to explain the observed n s by introducing a tiny θ(> 0) and/or κ − 1. Then the inflaton acquires a nonzero mass at the minimum, and it is of order
This is because the potential is upside-down symmetric as
which implies that the inflaton mass squared at the potential minimum is equal to the curvature at the potential maximum with an opposite sign. Such light inflaton may be stable on the cosmological timescale and can be dark matter of the Universe. This is the so-called ALP miracle scenario [14, 15] . 2 Interestingly, the viable parameter space will be probed by the IAXO experiment. Note that the inflaton mass at the potential minimum is hardly changed if n is an even integer, and the relation (19) still remains valid even in the presence of small but nonzero θ and κ − 1.
Before proceeding let us here make a rough estimate on typical values of θ and κ−1 in the present axion hilltop inflation. The slow-roll inflation takes place if both slow-roll parameters are small, in other words, if the first and second derivatives of the potential are extremely small. Since we have focused on the hilltop inflation rather than the inflection point inflation, the slow-roll inflation takes place around the potential maximum. The inflaton dynamics is considered to be dominated by the linear term for a nonzero θ > 0 introduced to explain the observed n s . The inflaton field excursion during the last e-folding N * should not exceed φ end . The limit on the inflaton field excursion and the slow-roll conditions around the potential maximum constrain the ranges of θ and κ − 1 as
For larger |θ| and |κ − 1|, the slow-roll inflation no longer takes place around the potential maximum. Instead, an inflection point inflation can happen where the inflation is driven by a cubic term that is obtained when expanded about the inflection point. 3 In this limit, the location of the potential maximum moves toward negative values of φ, and the inflaton dynamics will be determined by the inflaton potential near the inflection point. This case will be discussed later.
We have numerically solved the inflaton dynamics for different values of the decay constant f . For a given value of f , we vary θ and κ in the ranges given in Eq. (25) to explain the observed CMB normalization (16) and the spectral index (20) . In addition, we have imposed the observed constraint on the running of the spectral index [8] ,
and on the running of running of the spectral index [39] ,
This is because the relatively small N * in the low-scale inflation may lead to a sizable scale dependence of the n s . In the numerical calculation, we keep the terms up to the third order of the slow-roll expansion to evaluate the predicted spectral index and its running. We set the initial field value close enough to the potential maximum with a vanishingφ. 4 The detailed analysis as well as the allowed ranges of κ and θ can be found in Ref. [15] . The relations between m φ and f obtained in the numerical calculation are shown in Fig. 2 . The red and blue bands correspond to the cases of n = 2 and n = 3, respectively, where the bandwidth reflects the allowed ranges of θ and κ as well as the observational uncertainties. The two lines are our predictions based on the axion hilltop inflation. If the decay constant f is small enough, it may be possible to probe the inflaton directly by various ground-based experiments, which will be studied in the next section.
For comparison we also show the relation between m φ and f in the case of the inflection point inflation with θ π/4 and n = 2 (purple line), which is close to the case of n = 3. One can see that the decay constant is constrained to be greater than about 10 9 GeV. This is because the running of the spectral index becomes too large for small f . In addition, for the inflaton parameters within the reach of future experiments, the inflation scale turns out to be too small to reheat the Universe.
Inflaton couplings to the SM and reheating
The slow-roll inflation ends when the potential becomes steep. After inflation ends, the Universe will be dominated by the inflaton condensate oscillating around the vacuum φ min . To reheat the Universe the inflaton should transfer its energy to the SM particles through some interactions. As we shall see below, both perturbative decays and dissipation processes are important to complete the reheating.
The necessity of the inflaton couplings to the SM particles opens up the possibility of producing inflaton at the ground-based experiments. This is indeed possible if the inflaton is kinematically accessible and the couplings to the SM particles are strong enough. Then one may be able to check whether the inflaton mass and decay constant satisfy the relation (19) . Both the sensitivity reach and excluded regions are adopted from Ref. [27] .
In the following we will consider the two cases where the inflaton is coupled to photons (or weak gauge bosons) or SM fermions. Through the two examples, we will study the prospect of the inflaton hunt at ground-based experiments and the reheating process in detail. Note that we will focus on the case with even n. The detailed analysis of the case with odd n can be found in Refs. [14, 15] .
Inflaton coupling to photons
Let us consider the inflaton/ALP coupling to photons,
where c γ is a model-dependent constant, and α is the fine structure constant. See e.g.
Refs. [40, 41] for recent reviews on ALPs. The ALP decays into a pair of photons through this interaction with the rate given by
In Fig. 3 we show the parameter region predicted by the ALP inflation model with n = 2 for c γ = 1 (blue band), c γ = 30 (red band) and c γ = 300 (green band). For comparison we also show the SHiP sensitivity (red dotted line) and the constraints from beam dump experiments and SN1987A (gray region), both of which are adopted from Ref. [27] . 5 One can see that the region predicted by the ALP inflation will be probed by the SHiP experiment if the anomaly coefficient is relatively large, c γ 10. The corresponding mass and decay constant are m φ = O(0.1−1) GeV and f = O(10 4−6 ) GeV, respectively. In fact, the anomaly coefficient c γ can be easily of O (10) . We shall see below a possible UV completion that leads to such value of c γ .
Let us consider a UV completion a la the KSVZ axion model [43, 44] . At temperatures above the electroweak scale T EW 100 GeV, one should consider the ALP couplings to the weak gauge bosons as
where W a µν , and B µν are the field strengths of SU(2) L and U(1) Y , and α 2 = g 2 2 /4π and α Y = g 2 Y /4π are the weak and hypercharge fine-structure constants, respectively. Here c 2 and c Y are anomaly coefficients, and they are related to c γ as
Such anomalous couplings are induced if there are extra N Ψ fermion pairs
Here U(1) PQ is a global U(1) Peccei-Quinn symmetry that is spontaneously broken, and its associated Nambu-Goldstone boson (NGB) is the ALP (i.e., inflaton), φ. In the simplest case, the ALP resides in the phase of a complex scalar field S as
where we have integrated out the heavy radial mode. One can couple S to the fermion pair like SΨ i Ψ i with q i = −1/2 since the ALP transforms as (1) under the U(1) PQ transformation. It is possible that the ALP is given by a certain combination of the phases of multiple complex scalar fields. In this case the effective PQ charge q i can be greater than unity. Through oneloop diagrams with the fermions running in the loops, we obtain
Here T (r i ) is the index of the representation, e.g. T of the extra fermions are stable and their existence might lead to cosmological problems. In the following we assume that the extra fermions are so heavy that they are not produced after inflation. Lastly let us note that, in principle, c Y and c 2 can be enhanced, while c γ remains small due to cancellation between the two. In this case, the ALP may be produced through the enhanced φ − γ − Z interaction, and it decays into photons at a displaced vertex [45, 46] . If the original relation between the mass and decay constant is retained in the photon coupling, such a process may help us to probe the inflaton sector and check the relation between the mass and decay constant.
Reheating via photon coupling
Now let us discuss the reheating through the photon coupling (28) . We will find that the ALP within the experimental reach reheats the Universe instantaneously after inflation via the dissipation effect.
First, the ALP decays perturbatively into photons with the rate (29) , and the produced photons form thermal plasma. The photons in thermal plasma acquire a thermal mass of order eT , and once it exceeds half the ALP mass, the perturbative decay becomes kinematically forbidden. This happens within one Hubble time after inflation if f 10 9 c 2 γ GeV. Then, the ALP condensate mainly evaporates through interactions with the ambient plasma such as φ + γ → e − + e + [47] [48] [49] [50] [51] [52] . Applying the result of Ref. [53] to the ALP-photon coupling, we obtain the following dissipation rate,
where C is a numerical constant of O(1) which represents uncertainties of the order-ofmagnitude estimation of the dissipation rate and tachyonic preheating [54] [55] [56] . 6 When the temperature becomes higher than the weak scale, the weak gauge bosons reach thermal equilibrium and the dissipation effect through the weak bosons becomes important. The rate is given by
where C and C are numerical constants of O(1). Now we evaluate the reheating temperature using the above decay and dissipation rates. The ALP would evaporate completely if
If this is satisfied soon after the inflation, the reheating is instantaneous and the reheating temperature is given by
Even if the dissipation rate initially is not high enough and (36) is not satisfied just after inflation, the dissipation becomes more efficient later as Γ dis decreases more slowly than H. In this case, the reheating completes at T = T dis when the dissipation rate becomes comparable to the Hubble parameter,
and one obtains
Here we have assumed for simplicity that the second term of (35) dominates over the first one. 7 On the other hand, if the dissipation rate is sufficiently small, the plasma temperature may fall below the ALP mass, and the perturbative decay becomes important again. This is the case if T dis defined above is smaller than the m φ . The reheating completes when H ∼ Γ dec,γ , and the reheating temperature is given by
Here we have approximated that the main decay channel is a pair of photons for simplicity. To sum up, the reheating temperature is expressed as
To confirm the above naïve estimate, we have numerically solved the Boltzmann equations,
where ρ φ and ρ r denote the energy density of the ALP condensate and that of radiation, respectively. The total decay/dissipation rate is given by
7 Given c Y , the reheating temperature in this case is determined by the CMB normalization. . We take C = C = C = 1 for simplicity.
If kinematically allowed, the perturbative decays to weak gauge bosons are also incorporated in our calculation. The thermal blocking effect is included by using a step function. In the numerical calculation, we evaluate the reheating temperature at ρ φ = ρ γ . We show the reheating temperature in Fig. 4 as a function of g φγγ . The green (red) points represent the case for c γ = 30 (1). One can see from the figure that there is a plateau in the middle, which corresponds to the case where the reheating completes due to the dissipation process after inflation. As expected from Eq. (38), the reheating temperature does not depend on the decay constant. The reheating becomes instantaneous for larger g φγγ , while the perturbative decay becomes important for smaller g φγγ . In particular, the reheating is instantaneous for the region within the sensitivity reach of SHiP, i.e., g φγγ O(10 −7 − 10 −4 ) GeV −1 . The reheating temperature is well above O(1) MeV at which the big bang nucleosynthesis starts.
Inflaton couplings to SM fermions
Next we consider the inflaton (ALP) couplings to the SM fermions. 8 After the electroweak symmetry breaking, the couplings are given by
where ψ i is a SM fermion with mass m i , and c i is the sum of the U (1) PQ charges of ψ i and ψ i . In addition to the decay to the gauge bosons at the loop level, the ALP can decay into a pair of fermions at the tree-level if kinematically allowed. The decay rate to the fermions is approximately given by
where N (i) color is the color factor of ψ i , and the summation is over all the channels that are kinematically allowed.
ALPs with the couplings to the SM fermions can be searched for at the SHiP experiment [25, 26] . In Fig. 5 we show the parameter region predicted by the ALP inflation (n = 2) with Yukawa-like couplings to all the SM fermions, together with the projected sensitivity reach of the SHiP experiment and the excluded regions, both of which are adopted from Ref. [26] . Here we assume that the ALP has Yukawa-like couplings to all the SM fermions, i.e., c i takes a universal value c f . One can see that a part of the predicted parameter region will be probed by the experiment if c f = O(0.01 − 0.1). In fact, for n 4, the region with c f 1 has an overlap with the sensitivity reach because the ALP mass decreases as n increases for given f . (See Eq. (19) .) Now let us consider a UV completion a la the DFSZ axion model [57, 58] . We introduce two Higgs doublets, H u and H d , which have PQ charges Q Hu and Q H d , respectively. They develop vacuum expectation values (VEVs) at a temperature below T EW , H 0 u = v sin(β) and H 0 d = v cos(β), with the SM Higgs VEV v 174 GeV. The PQ charges satisfy Q H d /Q Hu = tan 2 β to avoid a mixing of the ALP with the NGB eaten by the Z boson. Integrating out the heavy Higgs bosons, the two Higgs doublets can be written in terms of the SM-like Higgs doublet and the ALP as [26] . whereH = iσ 2 H * . By expanding the exponential with respect to the ALP, we obtain
depending on which Higgs the ψ i is coupled to. Note that the normalization of the PQ charge assignment is determined by the transformation of the ALP given by (1) . Therefore, depending on the details of the PQ sector, especially how the ALP acquires the potential, Q Hu and Q H d can easily take values of order 0.01 to 100 without invoking a very contrived set-up. In particular, if we couple only one of the Higgs doublets to the SM fermions, the strength of the couplings becomes universal, |c i | = c f , as assumed in Fig. 5 .
Reheating via matter coupling
Now let us discuss the reheating via the couplings to the SM fermions. The ALP decays perturbatively into lighter fermions with the rate (44) . In addition, the ALP decays into photons and gluons at the loop level. These perturbative decays populate thermal plasma soon after the inflation ends. When the temperature of the plasma becomes as high as the ALP mass, the back reaction becomes important and the perturbative decay is blocked. Afterward, the dissipation process such as φ + ψ i → ψ i + γ (or g) becomes significant, and its rate is given by [52] Γ dis,ψ ∼
where we have omitted a numerical constant of O(1), and we set α i = α for leptons and α i = α s for quarks. Here α s is the strong coupling constant. If the dissipation is efficient, the temperature increases and when it becomes of order T EW , the electroweak symmetry will be restored. At temperatures higher than T EW , the Higgs boson is thermalized and it will participate in the dissipation process such as φ + h → ψ i +ψ i through the coupling,
where y i = m i /v. The dissipation processes involving the Higgs field in the initial or final state are very efficient especially at high temperatures and its rate is given by [59] Γ dis,ψH ∼ i N (i) color
Since the rate scales as T 3 , the dissipation that involves Higgs is most significant when the temperature becomes higher than T EW soon after the inflation. The instantaneous reheating takes place if the following condition is satisfied,
where the temperature is estimated by V 0 = π 2 g * T 4 /30. This condition can be rewritten as
Here we have assumed that the scattering process involving the top quark, i = t, dominates the dissipation rate, and we have taken its MS mass as m t 160 GeV. If f f inst , on the other hand, the dissipation involving the Higgs does not complete the reheating, even though some fraction of the ALP condensate evaporates. After reaching the maximum value, the dissipation rate starts to decrease faster than the Hubble parameter, and the remaining ALP condensate continues to dominate the Universe. This lasts until the ALP decays into the SM fermions and the Higgs at the rate,
if kinematically allowed. The reheating temperature corresponding to the 3-body perturbative decay is given by 10 8 where we have assumed that the decay is dominated by that into top quarks, To sum up, one gets the reheating temperature expressed by
We note that, when c f is small, the 2-body decay can become important around T = T EW . We do not discuss this case further since the relevant parameter region is not our focus. 9 We have numerically solved the Boltzmann equations (41) with
where we have assumed the universal couplings to the SM fermion, c i = c f , Γ dec is the sum of the 2-body and 3-body decay rates. In Fig. 6 , the green (red) points represent c f = 1 (0.1). In the region with c f f −1 > 10 −12 (10 −11 )GeV −1 , the reheating is instantaneous. In particular, this is the case in the ALP parameter within the sensitivity reach of the SHiP experiment.
9 When c f 1 and f f inv , there is a parameter region where the ALP 2-body decay can prevent the temperature from falling below T = T EW . The temperature is kept at around T EW for a while until the reheating completes and T R ∼ T EW . This behavior may lead to a non-trivial dynamics during the electroweak phase transition and may have implications for the electroweak baryogenesis. We leave a more detailed analysis for future work.
Inflection point inflation
So far we have focused on the hilltop inflation where the inflation takes place near the potential maximum and the quartic coupling terminates the inflation. In fact, there is another possibility that inflation takes place at an inflection point that is not necessarily close to the potential maximum. In particular, it is the cubic term that terminates the inflation. The purpose of this section is to study the dynamics of the inflection point inflation in our set-up, and to see that it is qualitatively different from the hilltop inflation.
The inflection point inflation takes place in the vicinity of a flat inflection point φ = φ IP where V = 0 and V = 0 are satisfied. These two conditions can be satisfied at any φ IP for a certain choice of the two parameters θ and κ. Except for φ IP very close to the potential maximum, θ is generically of order unity. The third and fourth derivatives of the potential at the inflection point are considered to be of order Λ 4 /f 3 and Λ 4 /f 4 , respectively. By expanding the potential around φ = φ IP , one obtains
whereφ ≡ φ − φ IP , and c 1 and c 2 are functions of θ and κ. For instance, there is an inflection point at φ IP = πf /4 for n = 2, θ = π/4, and κ = 2, leading to c 1 = 1/2, and c 2 = 0. The inflaton potential in this case is shown in the right panel of Fig. 1 . Unless c 1 is extremely suppressed as in the case of the hilltop inflation, the cubic term dominates over the quartic one. By neglecting the quartic term, one can solve Eq. (11) to obtain the inflaton field value at the horizon exitφ *
The spectral index is given by
which is smaller than the observed n s (20) . One can increase the predicted spectral index by introducing a small linear term,
to (57) . Hereθ is a function of θ and κ, and is obtained by slightly changing the value of θ and κ from their canonical values to obtain the (flat) inflection point. A positiveθ reduces φ * , thereby increasing the predicted value of n s . Note here that the linear potential itself does not contribute to the η parameter. To increase the spectral index by a sufficient amount, the linear term should give a dominant contribution to V when the CMB scales exited the horizon. In other words,
Here and hereafter, we approximate V 0 ∼ Λ 4 . As we will see in the next section, eternal inflation does not take place around the inflection point due to the linear term. Now let us estimate the inflaton mass at the minimum and the inflation scale. From the CMB normalization, one gets
For c 1 = O(1), the inflaton mass is much smaller than that for hilltop inflation with even n. In fact, this relation between m φ and f is very similar to (23) for the hilltop inflation with odd n. This explains why the line of the hilltop inflation with n = 3 is close to that of the inflection point inflation in Fig. 2 . In fact, despite the similarity in the relation between the inflaton mass and decay constant, the inflation scale is very different between the two cases. This can be understood by noting that the light inflaton mass is realized by cancellation between the two cosine terms in the case of the hilltop inflation with odd n. Such a cancellation was a direct outcome of requiring the slow-roll inflation around the potential maximum. On the other hand, the inflaton mass is given by its typical value on dimensional grounds in the case of the inflection point inflation, and so, the inflation scale
As a result, successful reheating is only possible for relatively large values of f , well beyond the experimental reach. For instance, by coupling the ALP to photons one gets the reheating temperature from the perturbative decay as
One may enhance the coupling to photons by the clockwork mechanism [60, 61] , but the original m φ − f relation will then be difficult to check.
The small inflation scale also tends to generate too large running of the spectral index, dn s /d log k −4/N 2 * . (See Eqs. (14) and (26) , and e.g. Ref. [15] for the derivation.) The viable parameter region of the inflection point inflation with θ = π/4 + δθ, κ = 2 + δκ, n = 2 is shown in Fig. 2 . We vary −0.3 < δθ(f /M pl ) −2 < 0.3 and −0.1 < δκ(f /M pl ) −4 < 0.1 to explain the CMB data. We find that for f 10 9 GeV the prediction is not consistent with the CMB data due to the too large running of the spectral index. We note however that the running of the spectral index may be alleviated by introducing a small modulation to the potential [62] .
Lastly let us comment on the choice of the initial condition, which is somewhat related to the topic of the next section. In fact, it is not clear what the initial condition of the inflaton field is appropriate since the potential does not allow eternal inflation as we shall see shortly. In the numerical simulation, we set the vanishing initial velocityφ = 0, and start from the inflaton field close enough to the inflection point so that the slow-roll inflation takes place. If the initial field value is away from the inflection point the inflaton would overshoot the inflection point without slow-roll. For a certain choice of the initial condition, the inflaton experiences a short period of ultra slow-roll [63] [64] [65] before entering the slow-roll regime. However, for most of the parameter space, the CMB scales exit the horizon during the slow-roll regime, and the presence of the ultra slow-roll does not affect the observation. 10 
Eternal inflation
A most important advantage of the axion hilltop inflation is that it incorporates eternal inflation [66] [67] [68] [69] [70] [71] . If the ALP initially stays close enough to the potential maximum, its quantum fluctuation dominates over the classical motion. Both of the slow-roll parameters are smaller than unity as long as θ and κ satisfy (25) , and therefore, eternal inflation takes place. Once the eternal inflation starts, it may compensate for possible fine-tuning of the parameters to realize the low-scale inflation. Moreover, low-scale eternal inflation has interesting implications for the QCD axion abundance [72, 73] as well as the moduli problem [74] On the other hand, it is difficult to realize the eternal inflation in the case of the inflection point inflation at least in its minimal form. To see this, let us first note that the linear term withθ > 0 dominates V around the inflection point. Then, the classical motion of the inflaton over the Hubble time is given by,
while the quantum fluctuation is given by
Thus, one finds that ∆φ quantum ∆φ classical ∼ 10 −5 ,
namely, the classical motion always dominates over the quantum diffusion even at the inflection point. Therefore, eternal inflation does not take place due to the linear term added to increase n s . Note that, since |θ| and |κ − 1| become larger than the upper bound given by (25) , the slow-roll condition is not satisfied at the potential maximum, in contrast to the hilltop inflation. Even if one sets the initial inflaton field value near the potential maximum, it would soon start to roll down and overshoot the inflection point. Therefore, eternal inflation is not realized in the case of the inflection point inflation. In this sense, the amount of the fine-tuning of the parameters to realize low-scale inflation may have to be taken at a face value in this case. In order to implement eternal inflation before the inflection point inflation kicks in, we need to change the potential slightly to have a local minimum somewhere, or introduce another sector to drive eternal inflation.
Discussion and conclusions
We have so far mainly focused on the potential with two cosine terms like Eq. (3), but the predicted relation between the inflaton mass and decay constant (19) holds in a more general case. This is because the relation (19) is derived only under the assumption that the inflation takes place around the potential maximum approximated by
which is fixed by the CMB normalization to be about 10 −12 , and that the inflaton mass at the minimum is given by
on dimensional grounds. The condition for the slow-roll inflation is essentially to suppress the quadratic term in the potential. Therefore, unless extra fine-tuning is imposed, our prediction (19) generically holds without significant changes even for the inflaton potential that consists of multiple cosine terms with different ns. One exception is the case with the inflaton potential that consists of only cosine terms with odd ns. In this case, the inflaton is much lighter than the naively estimated value as in the ALP miracle scenario [14, 15] . One may wonder whether the flat-top inflaton potential is stable against radiative corrections induced by the couplings introduced for reheating. To be concrete, let us consider the ALP-photon interaction (28) . This interaction preserves a continuous shift symmetry of ALP and the radiative correction from (28) itself does not contribute to the non-zero modes of the cosine terms in the ALP potential. However, the introduction of the (28) may alter the instanton effect generating the potential (3). The correction is of order
which arises from the two loop diagram including an instanton and two vertices of (28). This correction changes the relative height κ by about g 2 φγγ Λ 4 /(16π 2 f ) 2 . Such correction is negligible if it is smaller than (f /M pl ) 2 . This is the case if f /c γ 10 7 GeV. Even for f /c γ < 10 7 GeV, one can redefine κ − 1 to absorb the correction and then our discussion remains intact. Importantly, once the relative height is given, it does not run by changing the renormalization scale, thanks to the periodicity guaranteed by the unbroken discrete shift symmetry.
Let us discuss implications of the ALP inflation for dark matter. For the parameters that can be probed by the ground-based experiments, the reheating is instantaneous and the reheating temperature is as high as Λ ∼ 10 −3 f = O(10 − 10 4 ) GeV. Then, a WIMP with mass up to O(10)Λ reaches thermal equilibrium and can explain the observed dark matter abundance for certain annihilation processes. Therefore, WIMP is a good dark matter candidate.
On the other hand, the QCD axion [72, 73] and string axions [74] will follow the so-called Bunch-Davies distribution peaked at the potential minimum during the low-scale eternal inflation. Then, with the Hubble parameter during inflation less than keV, the abundance of the QCD axion and string axions will be too small to explain dark matter. Here the assumption is that the minimum of the axion potential remains unchanged (modulo the potential period) during and after inflation [73, 74] . In fact, if the inflaton has a mixing with the axion, the minimum of the axion potential can be shifted after inflation, inducing coherent oscillations of the axion at a later time when the Hubble parameter becomes comparble to the axion mass. To see this let us consider a case with the Yukawa-like couplings c i = c f , where the inflaton coupling to gluons is radiatively induced,
where a denotes the QCD axion, f a is its decay constant, G µν b is the field strength of SU(3) c , and we have chosen a constant CP phase so that the QCD axion has a low-energy minimum at a = 0. If the Hubble parameter during inflation is smaller than the QCD scale, the above combination of φ and a acquires a mass from non-perturbative QCD effects. For simplicity we assume that this mass scale is much smaller than the curvature of inflaton potential so that a approximately coincides with the lighter mass eigenstate. 11 The inflaton φ stays near the origin, φ ≈ 0, during inflation, while it is stabilized at φ = φ min ≈ πf φ after inflation. If the inflation lasted sufficiently long, then, the probability distribution of the QCD axion follows the Bunch-Davies distribution peaked at a/f a ≈ 6πc f (mod 2π). This sets the typical initial oscillation amplitude of the QCD axion. For instance, if 6πc f ∼ 1, the QCD axion with f a = O(10 12 ) GeV can account for dark matter.
Lastly let us mention a possible connection between the ALP decay constant f φ and the gravitino mass m 3/2 . This is based on the observation that soft SUSY breaking effects can induce spontaneous breaking of U(1) PQ symmetry. To see this we introduce two PQ chiral superfields, S andS, with the following superpotential,
where λ S is a coupling constant of order unity. For a general Kähler potential, the lowest components of S andS acquire soft SUSY breaking masses of order m 3/2 through supergravity effects and Planck-suppressed couplings to the SUSY breaking field Z with F Z m 3/2 M pl . If the soft mass of S (S) is negative (positive), S develops a nonzero VEV whileS stays near the origin, S m 3/2 λ S , S 0.
Therefore, if the phase of S is identified with the ALP, the decay constant f φ is naturally of order m 3/2 . Interestingly, m 3/2 10 − 1000 TeV is favored from the SM Higgs boson mass. For instance, in the pure-gravity mediation [75] [76] [77] or minimal split SUSY [78] (see also Refs. [79] [80] [81] ), the stop masses of order m 3/2 = O(10 − 100) TeV is favored to explain the Higgs boson mass. In the Higgs or Higgs-anomaly mediation [82] [83] [84] [85] , the stop mass squared is generated at the loop level and can be of order 0.01m 2 3/2 . The favored range of the gravitino mass is m 3/2 = O(100−1000) TeV. We emphasize here that, when combined with the relation between the ALP mass and decay constant (19) , the relation f ∼ m 3/2 = O(10 4−6 ) GeV implies that the sensitivity reach of the SHiP experiment covers a large fraction of the parameter space of the ALP inflation. Also, if the gaugino masses are generated at the loop level, e.g. anomaly mediation [86, 87] , 12 M i ∼ (10 −2 − 10 −3 )m 3/2 (73) thermal relic of the lightest neutralino can explain dark matter. Notice that this mass range is below O(10)T R ∼ 10 −2 m 3/2 so that the neutralino will reach thermal equilibrium before freeze-out. For instance, the wino with M 2 2.7 − 3 TeV can explain the observed dark matter abundance. Note also that the cosmological moduli and gravitino problems, the two notorious cosmological problems in SUSY, are greatly relaxed in this scenario thanks to very low inflation scale and reheating temperature. If the inflaton is discovered in beam dump experiments, its decay constant point to an energy scale at which new physics appears. It may be high-scale SUSY which is consistent with the observed Higgs boson mass.
In this paper we have discussed the ALP inflation model where the inflaton potential consists of two (or more) cosine terms, and showed that there is a robust relation between the inflaton mass at the potential minimum and the decay constant, m φ ∼ 10 −6 f , for a class of the axion hilltop inflation models. For successful reheating, the inflaton (or ALP) must have sizable couplings to the SM particles, especially if the inflation scale is low. Such large couplings can be introduced without spoiling the flatness of the potential by radiative corrections thanks to the discrete shift symmetry. We have studied the reheating process through both perturbative decays and dissipation effects for the two cases of the ALP couplings to photons (or weak gauge bosons) and the SM fermions. In both cases, the reheating is instantaneous for the parameters within the experimental reach. If the ALP with the predicted relation between the mass and decay constant is found by experiments such as the SHiP experiment, it is possible that the ALP played the role of the inflaton at the very early stage of the history of the Universe. If so, the decay of such particle observed in the experiment proceeds through the same interaction that reheated the Universe. In some sense, the Big Bang may be probed at experiments on earth.
